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The electronic states of a parabolic quantum dot in a magnetic field are studied with the inclusion
of the spin-orbit interaction. The analitycal formulae for the ground state energy of the interacting
system are derived. The spin-orbit interaction is shown to introduce new features to the far infra-
red absorption spectrum, where it leads to the splitting of the two principal modes. The results
are compared with the charging experiments by Ashoori et al. and the far infra-red absorption
measurements by Demel et al.
I. INTRODUCTION
Recent progress in the semiconductor nanostructure technology has allowed for creation of the quasi-zero-
dimensional (0D) systems known as quantum dots1. These structures can be obtained e.g. by applying spatially
modulated electric field to the 2D electron gas2,3, or by embedding a small piece of one semiconductor into another,
with higher conduction band energy (this can be achieved e.g. through etching4–7, interdiffusion8 or self-organized
growth9,10). The resulting lateral potential is often very well approximated by the isotropic parabola11–13. The con-
finement in all three spatial directions leads to a discrete energy spectrum of the system with characteristic excitation
energies of the order of few meV, which can be studied using the spectroscopy methods2–5.
Due to the so called generalized Kohn theorem14,15 for the parabolic confinement the electron-electron Coulomb
interaction does not affect the resonance energy spectrum under the far infra-red (FIR) radiation. The FIR resonant
spectrum of the correlated many-electron dot is therefore identical to that of a single electron and consists of two
degenerate modes. The degeneracy can be removed by a perpendicular magnetic field under which the two modes
evolve into the inter-Landau-level (cyclotron) and intra-Landau-level frequencies. However, a number of experiments
seem to show a slight dependence of the two resonance energies on the number of electrons in the dot3–5. Moreover,
a small splitting of the two principal modes is observed4 what reveals their additional sub-level structure.
The theoretical investigations of the ground state of quantum dots containing 2–15 electrons were reported e.g. in
Refs. 15–20. In this paper we calculate analitically the ground state energy of a system of a larger number of confined
electrons (∼15–100) within a Hartree-Fock approximation. The spin-orbit interaction is included here in the manner
analogous to that used for many-electron atoms and not via the bulk band-structure parameters, since the considered
system is strongly localized (diameter ∼20 lattice constants4) and the small piece of crystal, to which the motion of
electrons is limited, cannot be treated as an infinite periodical lattice. Instead, we propose to extract the spin-orbit
coupling from the band-structure description and include it later on the level of the Bloch envelope wavefunctions
by adding the appropriate term to the hamiltonian. As demonstrated by Darnhofer and Ro¨ssler19 for 2 electrons,
inclusion of the spin-orbit interaction through the band-structure parameters in the InSb dot leads to the similar
effects on the electronic structure as obtained here for the GaAs dots (spin-orbit coupling in bulk InSb significantly
exceeds that in bulk GaAs).
The results obtained within proposed here framework seem to explain a number of experimentally observed effects,
like an appearance of the higher modes in FIR absorption and their anti-crossing in a magnetic field4, or the charac-
teristic bumps in the magnetic-field dependence of the ground state energy6. Let us also underline that we managed
to fit very well the characteristic magnetic field at which the anti-crossing in FIR spectrum and the bumps in energy
occur. The fact that this was impossible without including the spin-orbit interaction (see the numerical results and
discussion by Palacios et al.20 for up to 15 electrons) seems to prove the importance of this effect.
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II. MODEL
The interaction between the spin and orbital angular momentum: σ and l, of an electron confined in a quasi
two-dimensional quantum dot is included in the way analogous to that used in many-electron atoms, i.e. via the
single-particle potential:
VLS = αl · σ. (1)
The coupling constant α is connected with the average self-consistent field < δU > acting on the electron, via the
relation:
α = β < δU > . (2)
For a Z-electron atom the dimensionless parameter β is:
β =
(
Ze2
h¯c
)2
≈
(
Z
137
)2
. (3)
In the case of a quantum dot β will be treated as a fitting parameter, while the magnitude of the field < δU > will
be estimated according to the electronic structure of the dot.
Let us write the total hamiltonian of a system of many electrons, in the effective mass approximation, including the
kinetic energy in the perpendicular magnetic field B, parabolic confinement of the characteristic frequency ω0, spin-
orbit coupling as above, the Zeeman splitting for the effective g-factor and the electron-electron Coulomb interaction
controlled by the dielectric constant ǫ:
H =
∑
i
[
1
2m∗
(
pi +
e
c
Ai
)2
+
1
2
m∗ω20r
2
i + αliσi − gµBσiB
]
+
1
2
∑
i6=j
e2
ǫ|ri − rj |
≡
∑
i
(HB)i +
1
2
∑
i6=j
e2
ǫ|ri − rj | . (4)
In the above m∗ is the effective mass, r are the positions, p = −ih¯∇ are the momenta, A = 12B(y,−x, 0) are the
vector potentials in the symmetric gauge, l and σ are the projections of the orbital angular momentum l and spin σ
across the plane of motion.
In the Hartree-Fock (HF) approximation the equation for the HF wavefunctions ψ reads:
[HB + Vi]ψi(rσ) +
∑
σ′
∫
dr′∆i(rσ, r
′σ′)ψi(r
′σ′) = εiψi(rσ), (5)
where HB is the hamiltonian of a single (non-interacting) electron for the field B defined in Eq.(4), Vi denotes the
Hartree potential:
Vi =
e2
ǫ
∫
dr′
ni(r
′)
|r′ − r| , (6)
with:
ni(r) =
∑
σ
∑
j
′|ψj(rσ)|2, (7)
and ∆i is the Fock correction:
∆i(rσ, r
′σ′) = −e
2
ǫ
δσ′σ
∑
j
′ψ∗j (r
′σ′)ψj(rσ)
|r′ − r| . (8)
Introducing the exchange operator G as:
Giψi(rσ) =
∑
σ′
∫
dr′∆i(rσ, r
′σ′)ψi(r
′σ′), (9)
2
the HF equations (Eq.5) can be written in a compact form:
[HB + Vi +Gi]ψi(rσ) = εiψi(rσ). (10)
Following the work by Shikin et al.21 we employ here the approximate formula for the charge density in the parabolic
dot (of confining frequency ω0), obtained within the classical regime and therefore applicable for large numbers of
electrons N :
n(r) =
{
n(0) 1R
√
R2 − r2 for r ≤ R
0 for r > R
, (11)
with the charge density in the center n(0) = 3N/2πR2. The dot radius R, for the classical system given explicitely in
Ref. 21 will be calculated here in a variational manner (from the minimum energy condition) in order to account for
the quantum corrections. Using the formula (11) the Hartree potential is calculated:
VR(r) =
3πNe2
4ǫR
(
1− r
2
2R2
)
(12)
(we take this form also for r > R).
III. QUANTUM DOT AT ZERO MAGNETIC FIELD
A. Single-electron states
Let us first consider the case of zero magnetic field. Neglecting for the moment the exchange term (which will be
included later as a perturbation) we obtain the following Hartree equations:(
− h¯
2
2m∗
∆+
1
2
m∗Ω′20 r
2 + αlσ
)
ψi(rσ) =
(
εi − 3πNe
2
4ǫR
)
ψi(rσ), (13)
where we use the effective frequency, renormalized by the Hartree term (Eq.12):
Ω′20 = ω
2
0 −
3πNe2
4ǫm∗R3
. (14)
Eq.(13) can be solved analitically and the obtained eigen-states are:
ψi(rσ) = ψnmσ(rσ) = φm(θ)Rnm(r)χσ , (15)
with the spin eigen-function χσ (with eigen-values σ = ±h¯/2), the angular wavefunction of the angular momentum
eigen-value m:
φm(θ) =
1√
2π
eimθ (16)
and the orbital wavefunction:
Rnm(r) =
√
2
l′0
√
nr!
(nr + |m|)!
(
r
l′0
)|m|
e−r
2/2l′20 L|m|nr
(
r2
l′20
)
. (17)
In the above L
|m|
nr are the Laguerre polynomials:
L|m|nr (z) =
1
m!
z−|m|ez
dnr
dznr
(znr+|m|e−z), (18)
l′0 =
√
h¯/mΩ′0 is the characteristic length, n = 0, 1, 2, . . . is the principal quantum number, m is the azimuthal
quantum number (|m| ≤ n and the parity of m is the same as that of n), and nr = n−|m|2 is the radial quantum
number.
The eigen-energies associated with the eigen-functions ψnmσ are:
3
εnmσ = h¯Ω
′
0(n+ 1) + αmσ +
3πNe2
4ǫR
. (19)
In the absence of the spin-orbit interaction (α = 0) they form degenerate shells labeled by n. Non-vanishing α splits
these shells into the doubly degenerate sub-levels.
Often used is a complementary (Fock-Darwin) representation:
ψi(rσ) = ψn+n−σ(rσ) = φn+n−(r)χσ, (20)
with n± = 0, 1, 2, . . . The two sets of quantum numbers: [n,m] and [n+, n−] are connected by the simple relations:
n = n+ + n− and m = n+ − n−. The orbital part of ψi is defined as:
ψn+n−(r) =
1√
2πl′0
(a+)n+(b+)n−√
n+!n−!
e−r
2/2l′20 , (21)
where the raising operators a+ and b+ are:
a+ =
1
2i
[
x+ iy
l′0
− l′0
(
∂
∂x
+ i
∂
∂y
)]
b+ =
1
2
[
x− iy
l′0
− l′0
(
∂
∂x
− i ∂
∂y
)]
. (22)
The eigen-energies labeled by n± and σ are:
εn+n−σ = ε+(n+ +
1
2
) + ε−(n− +
1
2
) +
3πNe2
4ǫR
, (23)
where ε± = h¯Ω
′
0 ± ασ.
B. Many-electron ground state
The ground state energy of the system in terms of the N lowest Hartree eigen-energies εi, with i standing for the
composite index [n,m, σ], reads:
E0 =
N∑
i=1
εi − e
2
2ǫ
∫
dr
∫
dr′
n(r)n(r′)
|r− r′| , (24)
where the subtracted integral represents the direct Coulomb energy of the system, counted twice in the summation
of the Hartree energies εi. Introducing the Fermi energy εF separating the occupied and unoccupied Hartree energy
levels in the ground state, and calculating the self-interaction integral we arrive at the formula:
E0 =
∑
i
Θ(εF − εi) εi − 3πN
2e2
10ǫR
. (25)
In the above Θ is the Heaviside function. The Fermi energy is determined by imposing the fixed number of electrons
N :
N =
∑
i
Θ(εF − εi). (26)
The details of calculating the Hartree energy E0 are given in Appendix A, and here we shall only present the final
result:
E0 = 9πN
2e2
20ǫR
+
2
3
N3/2h¯Ω′0
√
1− β
2N
36
. (27)
The radius of the dot R can now be determined from the minimum condition: ∂E0/∂R = 0, equivalent to the
equation:
4
ω20 =
3πNe2
4ǫR3m∗
[
1− 100aB
27πR
(
1− β
2N
36
)]
, (28)
where aB = ǫh¯
2/m∗e2 is the effective Bohr radius. Confining our considerations to the case of the large number of
electrons, we can solve the above equation perturbatively with respect to the small parameter aB/R≪ 1. The zeroth
order approximation R0 can be written in the form:
R30 =
3πNe2
4ǫm∗ω20
(29)
and coincides with the classical result obtained in Ref. 21. Assuming the first order approximation in the form:
R = R0(1 + δ), the correction δ reads:
δ =
100aB
81πR0
(
1− β
2N
36
)
. (30)
Disregarding higher corrections (non-linear in δ), the effective confining frequency Ω′0 can be found based on its
definition (14):
Ω′20 = Ω
2
0
(
1− β
2N
36
)
, (31)
where we use the notation:
Ω20 =
100aB
27πR0
ω20 . (32)
Finally, we arrive at the formula for the ground state energy in the Hartree approximation:
E0 = 9πN
2e2
20ǫR0
+
1
3
h¯Ω0
(
1− β
2N
36
)
N3/2. (33)
The first term in the above equation, calculated in Ref. 21, is the classical energy of N interacting electrons confined
in a parabolic well:
9πN2e2
20ǫR0
=
∫
drn(r) · 1
2
m∗ω20r
2 +
e2
2ǫ
∫
dr
∫
dr′
n(r)n(r′)
|r− r′| . (34)
The second term is the quantum correction and splits into the energy of oscillation with the frequency Ω0:
1
3
h¯Ω0N
3/2 =
∑
i
Θ(εF − εi) 1
2
m∗Ω20 < i|r2|i > (35)
and the spin-orbit interaction term.
Let us now include perturbatively the exchange interaction, neglected so far in the Hartree approximation. As the
first order correction ∆E we shall calculate the average value of the exchange operator G, defined by Eq.(9), in the
Hartree ground state obtained without including the spin-orbit interaction:
∆E =
∑
i
Θ(εF − εi) < i|Gi|i >|β=0 . (36)
We have verified that the effect due to the spin-orbit interaction is indeed negligible here: for β = 0.3 the correction
to ∆E does not exceed 0.15 meV per electron for N < 100 (compare with the energy scale in Fig.1). Similarly, the
second order correction proved to be smaller than the first order correction by the orders of magnitude (reaching
merely 10−2 meV), which is then a good approximation to the actual exchange energy.
As shown in Appendix C, Eq.(36) can be conveniently written as:
∆E = −4
√
5
9
√
3
(
1− 3
4
√
N
)
N7/4e2
ǫR0
(1 − δ0), (37)
where δ0 = δ(β = 0).
Thus we have obtained the total ground state energy E of the system of N electrons confined in a parabolic well,
including the kinetic energy, the direct and exchange Coulomb interaction, and the spin-orbit coupling:
E = E0 +∆E . (38)
In Fig.1 we present the average ground state energy per electron ε = E/N plotted as a function of the number of
electrons N . The two curves corresponding to the parameter β equal 0.3 and 0.6 are shown to be a reasonable
interpolation between the classical result by Shikin et al.21 and the experimental data by Ashoori et al.6.
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C. Far infra-red absorption
Let us now consider the selection rules for the optical transitions of the system under the far infra-red (FIR)
radiation. Absorption of the FIR light, leading to the excitation of the electron droplet, has been a powerful tool in
the experimental studies of quantum dots2–5.
Since the wavelength of the FIR light is much larger that the radius of the dot, one can use the dipole approximation
for describing the interaction between the light and electrons. The probability of the optical transition between the
initial (i) and final (f) states is proportional to the squared matrix element of this interaction:
d2fi ∼ | < f |eE ·
∑
i
Θ(εF − εi) ri|i > |2, (39)
where E is the electric field, uniform over the volume of the dot. The dipole matrix element dfi vanishes unless there
is a pair of the HF states, one in the initial and the other in the final many-electron state, with equal spins and
different by unity in each of the orbital quantum numbers [n,m]:
σf = σi, |nf − ni| = 1, |mf −mi| = 1, (40)
with all other corresponding HF states equal in the initial and final state. In other words, the absorption of a FIR
photon leads to the excitation of a single electron from its (initial) HF state to another (final) HF state with the
same spin σ and the orbital quantum numbers changed according to Eq.(40). Translating these selection rules to the
Fock-Darwin representation we have:
σf = σi, nf+ = n
i
+ ± 1, nf− = ni−,
or : σf = σi, nf− = n
i
− ± 1, nf+ = ni+, (41)
i.e. the excited electron changes one of its orbital quantum numbers [n+, n−] by unity.
The above selection rules lead to the splitting of the resonance energy:
Ef − E i = ε± = h¯Ω′0 ±
1
2
α, (42)
The magnitude of this splitting α depends on the number of electrons according to Eq.(B5).
IV. QUANTUM DOT IN A MAGNETIC FIELD
A. Single-electron states
Sketched in the previous section for the case of zero magnetic field the procedure of minimization of the Hartree
energy with respect to the dot radius R, with later perturbative inclusion of the exchange interaction, has been also
carried out for nonzero fields. The explicit form of the Hartree equations including the presence of a perpendicular
magnetic field is:(
− h¯
2
2m∗
∆+
1
2
m∗
(
Ω′2B +
1
4
ω2c
)
r2 − 1
2
h¯ωcl − gµBσB + αlσ
)
ψi(rσ) =
(
εi − 3πNe
2
4ǫR(B)
)
ψi(rσ), (43)
where ωc = eB/m
∗c is the effective cyclotron frequency and the zero field radius R appearing in the definition of
Ω′B (14) is now replaced by R(B). We shall also denote the total confining frequency by: Ω
′2 = Ω′2B + ω
2
c/4, and its
corresponding characteristic length by: l =
√
h¯/m∗Ω′.
The eigen-functions of Eq.(43) are of the same form as given by Eqs.(15) and (20), only with the characteristic
length replaced by l. The corresponding eigen-energies read:
εnmσ = h¯Ω
′(n+ 1)− 1
2
h¯ωcm− gµBσB + αmσ + 3πNe
2
4ǫR(B)
, (44)
or, in the other representation:
εn+n−σ = ε+(n+ +
1
2
) + ε−(n− +
1
2
)− gµBσB + 3πNe
2
4ǫR
, (45)
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with ε± = Ω
′
0±(h¯ωc/2+ασ). Since the Zeeman splitting is rather small for GaAs (g ∼ 12 yielding gµB ∼ 0.05 meV/T),
which is the most common material used for the quantum dots, we shall neglect it in the further considerations.
Including the magnetic field leads to the possibility of crossings between different energy levels εi. Whether the two
close levels ε1 and ε2 actually cross, or their crossing is forbidden, depends on vanishing of the off-diagonal matrix
element of the operator describing the change of the hamiltonian due to small change of the field. Thus the condition
for the allowed level-crossing is:
< 1|∂H
∂B
|2 >≡ 0. (46)
The operator ∂H/∂B commutes with the spin and inversion (r→ −r) operators. Its commutation with the angular
momentum requires assumed here circular symmetry of the confining potential. Hence, while for the states of non-
equal quantum numbers n and σ we have the condition (46) guaranteed, for a pair of states different only in m in
general it is no longer true. This leads to the anti-crossing of levels, which can be taken into account by changing the
formulae for eigen-energies:
εnmσ = h¯Ω
′(n+ 1) +m
∣∣∣∣12 h¯ωc + ασ
∣∣∣∣+ 3πNe24ǫR(B) . (47)
Analogously we have to modify the definition of a pair of energies ε+ and ε−, appearing in Eq.(45), into: ε± =
Ω′0 ± |h¯ωc/2 + ασ|. Let us underline that this rearrangement of levels is a perturbative approximation, beyond the
Hartree-Fock approach.
B. Many-electron ground state
The many-electron Hartree ground state in the magnetic field E0(B) is defined analogously as in Eq.(24). Using
the procedure sketched in Appendix D one can bring it to the form:
E0(B) = 9πN
2e2
20ǫR0
+
2
3
N3/2h¯
(
ω20uB −
3πNe2
4ǫm∗R(B)3
)1/2√
1− β
2f2BN
36
, (48)
with the functions fB and uB defined in Appendix D by Eq.(D16) and Eq.(D17), respectively.
Analogously as for the zero magnetic field, the ground state radius of the dot R(B) can be found from the minimum
energy condition:
∂E0(B)
∂R(B)
= 0 (49)
which resolves into the equation:
ω20uB =
3πNe2
4ǫm∗R(B)3
[
1 +
100aB
27πR(B)
(
1− β
2f2BN
36
)]
. (50)
In the zeroth order approximation we obtain:
R0(B)
3 =
3πNe2
4ǫm∗ω20uB
=
1
uB
R30, (51)
where R0 is given by Eq.(29). The first order correction δ(B) defined as: R(B) = R0(B)(1 + δ(B)) reads:
δ(B) =
100aB
81πR0(B)
(
1− β
2f2BN
36
)
. (52)
In Fig.2 we have drawn the radius as a function of the field. The dependence is fairly weak. When the magnetic field
is increased, at low fields the radius also increases, and later, at higher fields, slightly falls down. The initial increase
of the radius in the rising field is an effect due to the spin-orbit interaction, and vanishes for β = 0.
Finally, the ground state energy in the Hartree approximation can be found in the form:
E0(B) = 9πN
2e2
20ǫR0(B)
+
1
3
u
2/3
B h¯Ω0
(
1− β
2f2BN
36
)
N3/2. (53)
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Calculating the correction due to the exchange energy in the obtained above Hartree ground state is far more
complicated for non-zero magnetic fields. Therefore the hypothesis is used, according to which the kind of dependence
of the exchange energy on the number of particles is not affected by the presence of the field22. As a result we obtain
the following formula for the exchange energy:
∆E(B) = −4
√
5
9
√
3
(
1− 3
4
√
N
)
N7/4e2
ǫR0(B)
(1− δ0(B)), (54)
where δ0(B) = δ(B;β = 0). Thus the total ground state energy within our approach reads:
E(B) = E0(B) + ∆E(B). (55)
and the average energy per particle is ε(B) = E(B)/N .
In Fig.3 we drew the magnetic field evolution of the average ground state energy per electron ε(B) = E(B)/N . The
three frames correspond to the parameter β equal 0.0 (no spin-orbit coupling), 0.3 and 0.6. We find the qualitative
agreement between our curves and the data reported by Ashoori et al., obtained in the single electron capacitance
spectroscopy (SECS) experiment6. Comparing the curves in the three frames one can conclude that including the
spin-orbit interaction brings the model curves fairly close to the measured behavior (the fitting is particularly good
for β = 0.3).
C. Far infra-red absorption
Let us now discuss the FIR absorption under the magnetic field. Since the magnetic field does not affect the
structure of the HF wavefunctions, the selection rules (40) remain unchanged and the transition energies are:
Ef (B)− E i(B) = ε± = h¯Ω′ ±
∣∣∣∣12 h¯ωc ± 12α(B)
∣∣∣∣ (56)
and we deal with four resonance branches.
In Fig.4 we compare the dependence of the FIR resonance energies obtained within our model with that reported
by Demel et al.4. Assuming that the experimentally observed higher mode is due to the spin-orbit interaction as
presented here, we again managed to find a good agreement for β = 0.3. Particularly, the zero-field lower resonance
energy (∼ 2.8 meV), the magnetic field at which the anti-crossing occurs (∼ 1 Tesla), and the energy at this crossing
(∼ 3.9 meV), seem to be fit very well. A gap separating the anti-crossing levels, observed in the experiment, is
probably due to a slight anisotropy of the confining potential.
V. CONCLUSIONS
The self-consistent theory of a many-electron quantum dot has been developed with the inclusion of the electron-
electron (Coulomb) and spin-orbit interactions. Included here quantum corrections to the ground state energy of the
system improve the classical result by Shikin et al.21 and compare well with the experiments by Demel et al.4 and
Ashoori et al6. The spin-orbit interaction is shown to have a strong effect on the electronic structure of the system,
leading to the splitting of the resonance energy in the far infra-red (FIR) absorption. Predicted here anti-crossing of
the FIR absorption modes in the magnetic field describes very well the similar behavior reported by Demel et al4.
The critical magnetic field, at which the FIR modes cross and a bump in the ground state energy occurs, is around
1 T, which agrees with the experiments for GaAs4,6, and on the other hand with the numerical calculations for a
two-electron InSb dot by Darnhofer and Ro¨ssler19.
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APPENDIX A: HARTREE ENERGY AT ZERO MAGNETIC FIELD
In order to perform the summations over the occupied states in Eqs.(25–26), it is convenient to introduce the non-
zero temperature of the electrons T , and eventually find the limit for T → 0. The temperature leads to a replacement
of the sharp Heaviside function in Eqs.(25–26) by the smooth Fermi distribution function:
ns(ε+n+ + ε−n−) =
(
1 + exp
ε+n+ + ε−n− − µs
kBT
)−1
, (A1)
where µs = µ− 12 (ε+ + ε−) and µ is the chemical potential.
In order to conveniently hide for the moment the constant terms in Eqs.(23) and (25) we introduce the primed
energy symbol:
E ′ = E −N · 3πNe
2
4ǫR
+
3πNe2
10ǫR
= E + 9πNe
2
20ǫR
(A2)
and rewrite Eqs.(25–26) in the form:
N =
∑
n+n−σ
ns(ε+n+ + ε−n−), (A3)
E ′(T ) =
∑
n+n−σ
(ε+n+ + ε−n−) · ns(ε+n+ + ε−n−) +N ε+ + ε−
2
. (A4)
In order to find the thermodynamically stable state we shall further introduce the following thermodynamical potential:
Φ =
∑
n+n−σ
φs(ε+n+ + ε−n−), (A5)
where we define: φs(ε) = −kBT ln(1+ exp µs−εkBT ). At low temperatures the minimization procedure with respect to Φ
is equivalent to finding the ground state, as we have:
E ′(T ) = Φ + µN − TS (A6)
(with the entropy S = ∂Φ/∂T ) and:
E ′0 = Φ0 + εFN, (A7)
where: Φ0 = limT→0Φ and εF = limT→0 µ.
Let us now introduce the Laplace transformations:
ns(ε) =
1
2πi
∫ c+i∞
c−i∞
dp n˜s(p)e
pε, n˜s(p) =
∫ ∞
0
dε ns(ε)e
−εp,
φs(ε) =
1
2πi
∫ c+i∞
c−i∞
dp φ˜s(p)e
pε, φ˜s(p) =
∫ ∞
0
dε φs(ε)e
−εp. (A8)
Using these expressions we can rewrite Eqs.(A3–A4) as follows:
N =
∑
σ
∫ ∞
0
dεz0(ε)
(
−∂ns
∂ε
)
, (A9)
Φ =
∑
σ
∫ ∞
0
dεz1(ε)
(
−∂ns
∂ε
)
, (A10)
where
z0(ε) =
1
2πi
∫ c+i∞
c−i∞
dp
eεp
p(1− e−pε+)(1− e−pε−) , (A11)
z1(ε) =
1
2πi
∫ c+i∞
c−i∞
dp
eεp
p2(1 − e−pε+)(1− e−pε−) . (A12)
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We chose the constant c in such a way that all the singular points of the subintegral lie on the left-hand side of the
integral contour (the contour encloses all singularities inside). Since −∂ns/∂ε tends to the Dirac’s delta for T → 0,
one finds that:
N =
1
2
∑
σ
{[
µ20s
ε+ε−
+ µ0s
(
1
ε+
+
1
ε−
)
+
1
2
]
+
[
P1
(
µ0s
ε+
)
+ P1
(
µ0s
ε−
)]
− ε+
ε−
[
P2
(
µ0s
ε+
)
− 1
12
]
− 2ε−
ε+
[
P2
(
µ0s
ε−
)
− 1
12
]
+ 2F0
(
µ0s
ε+
,
µ0s
ε−
)}
, (A13)
where µ0s = εF − 12 (ε+ + ε−), and:
Φ0 = −1
6
∑
σ
{
εF
[
µ20s
ε+ε−
+ µ0s
(
1
ε+
+
1
ε−
)
+
1
2
]
− 3
[
ε+P2
(
µ0s
ε+
)
+ ε−P2
(
µ0s
ε−
)]
− 6
[
ε2+
ε−
P3
(
µ0s
ε+
)
+
ε2−
ε+
P3
(
µ0s
ε−
)]
− 6√ε+ε−F1
(
µ0s
ε+
,
µ0s
ε−
)}
. (A14)
In the above formulae we have introduced the following notation:
P2j(x) =
∞∑
i=1
cos(2πix)
22j−1i2jπ2j
,
P2j+1(x) =
∞∑
i=1
sin(2πix)
22ji2j+1π2j+1
,
F0(x, y) = −ε+ε−
π2
∞∑
i,j=1
′
cos(2πix)− cos(2πjy)
(iε−)2 − (jε+)2
F1(x, y) =
√
ε+ε−
π2
∞∑
i,j=1
′ ε+
2pii sin(2πix)− ε−2pij sin(2πjy)
(iε−)2 − (jε+)2 . (A15)
The above functions are periodic with the period 1. In the relevant range of domain the absolute value of each function
is less then unity. Moreover, note that for 0 < x < 1
P1(x) ≃ −x+ 1
2
→ |P1(x)| ≤ 1
2
,
P2(x) ≃ x
2
2
− x
2
+
1
12
→ |P2(x)| ≤ 1
12
,
P3(x) ≃ x
3
6
− x
2
4
+
x
12
→ |P3(x)| ≤ 0.009. (A16)
The energy of the system E ′0 one can find from Eq.(A14) using εF (N) determined from Eq.(A13). Taking into account
that ε± = Ω
′
0 ± ασ and introducing: νF = εF /
√
ε+ε−, Eq.(A13) can be rewritten as follows:
N + 12
(h¯Ω′0)
2+(α0/2)
2
(h¯Ω′
0
)2−(α0/2)2
= ν2F +
1
2
∑
σ
{[
P1
(
µ0s
ε+
)
+ P1
(
µ0s
ε−
)]
−2 ε+ε−
[
P2
(
µ0s
ε+
)
− 112
]
− 2 ε−ε+
[
P2
(
µ0s
ε−
)
− 112
]
+ 2F0
(
µ0s
ε+
, µ0sε−
)}
. (A17)
The absolute values of all periodic functions are ranged here by unity. Hence, for N ≫ 1, we note that all the terms
under the summation on the right-hand side of the above equation are small compared to N if only:∣∣∣∣ 2 h¯Ω′0 + α/2h¯Ω′0 − α/2
[
P2
(
µ0s
h¯Ω′0 + α/2
)
− 1
12
] ∣∣∣∣ ≤ 1 or : α ≤ 65 h¯Ω′0. (A18)
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Provided this condition one can use the perturbation method and look for the solution in the form of the following
series:
νF = ν0F + ν1F + ν2F + . . . , (A19)
where: |ν0F | ≫ |ν1F | ≫ |ν2F | ≫ . . . From Eq.(A17) we find:
ν0F =
√
N +
1
2
(h¯Ω′0)
2 + (α/2)2
(h¯Ω′0)
2 − (α/2)2 ∼
√
N (A20)
and, using: µo0s = ε0F − h¯Ω′0 = ν0F
√
(h¯Ω′0)
2 − (α/2)2 − h¯Ω′0:
ν1F = − 1
4ν0F
∑
σ
{
P1
(
µo0s
ε+
)
+ P1
(
µo0s
ε−
)
+ 2F0
(
µo0s
ε+
,
µo0s
ε+
)
−2ε+
ε−
[
P2
(
µo0s
ε+
)
− 1
12
]
− 2ε−
ε+
[
P2
(
µo0s
ε−
)
− 1
12
]}
∼ 1√
N
. (A21)
Using the above expressions for νF we find that (for N ≫ 1)
εF = ν0F
√
(h¯Ω′0)
2 − (α/2)2
[
1 +
ν1F
ν0F
+O(N−3/2)
]
, (A22)
Φ0 = −N
3
ν0F
√
(h¯Ω′0)
2 − (α/2)2
[
1 + 3
ν1F
ν0F
+O(N−3/2)
]
, (A23)
E ′0 = Φ0 +NεF =
2N
3
ν0F
√
(h¯Ω′0)
2 − (α/2)2[1 +O(N−3/2)]. (A24)
The main non-oscillating term in the above formula for Φ0 is of the order of N
√
N while the oscillating terms are at
most of the order of
√
N . In the formula for E ′0 the non-oscillating term is of the order of N
√
N and the oscillating
terms are at most of the order of unity.
The estimation of the magnitude of spin-orbit coupling constant α is given in Appendix B. Using Eq.(B5), the
final form of the formula for the Hartree energy, given explicitely in Eq.(27), can be now obtained from Eq.(A24) by
substituting Eq.(B5) and shifting E ′0 back by the previously omitted constant (according to Eq.A2).
APPENDIX B: SPIN-ORBIT COUPLING CONSTANT AT ZERO MAGNETIC FIELD
According to Eq.(2) one needs to estimate the average self-consistent field < δU > acting on an electron. The
energy of a classical particle in the two-dimensional potential 12m
∗Ω′20 r
2, moving on the orbit of radius r, is:
δU =
1
2
m∗Ω′20 r
2 +
1
2
Ω′0l. (B1)
Substituting the classical variables by the respective operators and averaging δU first over the quantum state [n,m, σ]:
< nmσ|δU |nmσ >= 1
2
h¯Ω′0(n+m+ 1) (B2)
and then over all occupied states, one can obtain the following formula:
< δU >=
1
2N
h¯Ω′0
∑
nmσ
(n+m+ 1) · ns(nh¯Ω′0), (B3)
where the spin-orbit energy under the distribution function ns has been neglected. One can now use the following
relation:
∑
nmσ
(n+m+ 1) · ns(nx+my) =
(
∂Φ0
∂x
)
x=εF
+
(
∂Φ0
∂y
)
y=εF
, (B4)
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and finally arrive at the formula:
α =
1
3
βh¯Ω′20
√
N. (B5)
Based on the above equation, the second criterion in Eq.(A18) can be expressed as:
√
N <
18
5β
, (B6)
which gives N < 144 for β = 0.3.
APPENDIX C: FOCK ENERGY AT ZERO MAGNETIC FIELD
Eq.(36) can be written as:
∆E = −2e
2
ǫ
∑
n,n′
∑
m,m′
′
In
′m′
nm n0s(nh¯Ω0)n0s(n
′h¯Ω0), (C1)
where the prime in the second sum excludes terms with m = m′, and:
In
′m′
n,m =
∫
dr
∫
dr′
ψ∗nm(r)ψn′m′(r)ψ
∗
n′m′(r
′)ψnm(r
′)
|r− r′|
=
1
l′0
∫ ∞
0
dxx
∫ ∞
0
dx′ x
∫ 2pi
0
dθ
2π
e−i(m−m
′)θRnm(x)Rn′m′(x)Rnm(x
′)Rn′m′(x
′)√
x2 − 2xx′ cos θ + x′2
. (C2)
Expanding the subintegral into the Legendre polynomials and integrating over θ one obtains:
In
′m′
n,m =
1
l′0
∫ ∞
0
dxx2Rnm(x)Rn′m′(x)
×
{∫ 1
0
dt tRnm(tx)Rn′m′(tx)t
|∆m|
∞∑
k=0
t2kak+|∆m|ak
+
∫ ∞
1
dtRnm(tx)Rn′m′(tx)t
−|∆m|
∞∑
k=0
t−2kak+|∆m|ak
}
, (C3)
where ∆m = m − m′ and ak = (2k−1)!!(2k)!! . The integral In
′m′
n,m decays rapidly for ∆m → ∞ and hence we can cut
off the summation over m′ in Eq.(C1) keeping only the terms with m′ = m ± 1. In the integral over x we deal
with a subintegral with factor e−x
2
and thus the most contributes the region around x = 1. Provided that the
function in braces (in Eq.C3) is smooth with respect to x, it can be replaced by its value at x = 1. Moreover, since
Rnm(t)Rn′m′(t) ∼ e−t2 the second term in the braces can be neglected as small in comparison with the first one.
Hence, for |∆m| = 1 the integral In′m′n,m attains the form:
In
′m′
n,m ≃
1
l′0
∫ ∞
0
dxx2Rnm(x)Rn′m′(x)
∫ 1
0
dt t2Rnm(t)Rn′m′(t)
(
1
2
+
3
16
t2 + . . .
)
≃ 1
3l′0
(∫ ∞
0
dxx2Rnm(x)Rn′m′(x)
)2
, (C4)
where we have taken into account the relation:∫ 1
0
dt t2Rnm(t)Rn′m′(t) ≃ 2
3
∫ ∞
0
dt t2Rnm(t)Rn′m′(t). (C5)
Since:
12
∫ ∞
0
dxx2Rnm(x)Rn′m±1(x) = ± m|m|
[√
1 +
n±m
2
δn′,n+1 −
√
n∓m
2
δn′,n−1
]
, (C6)
we have:
Inm,n′m±1 =
1
3l′0
[(
1 +
n±m
2
)
δn′,n+1 +
(
n∓m
2
)
δn′,n−1
]
, (C7)
and:
∆E = −2e
2
ǫl′0
∑
nm,n′m′
n0s(nh¯Ω0)n0s(n
′h¯Ω0) (Inm,n′m−1δm′,m−1 + Inm,n′m+1δm′,m+1)
= − 4e
2
3ǫl′0
[∑
nm
(n+ 1)n0s(nh¯Ω0)− N
4
− 1
2
]
. (C8)
Using Eq.(B4) we finally find the correction due to exchange interaction in the form of Eq.(37).
APPENDIX D: HARTREE ENERGY IN A MAGNETIC FIELD
Similarly as in the case of the zero magnetic field (see Appendix A) it is convenient to shift the Hartree energy
E0(B) and introduce:
E ′0(B) = E0(B) −
9πN2e2
20ǫR(B)
, (D1)
given by:
E ′0(B) =
∑
n+n−σ
(ε+n+ + ε−n−) · ns(ε+n+ + ε−n−) +N ε+ + ε−
2
. (D2)
In order to calculate E ′0(B) we further introduce the notation:
ν2F = ε
2
F ·
(h¯Ω′B)
2 − (α(B)/2)2
[(h¯Ω′B)
2 − (α(B)/2)2]2 − (h¯ωcα(B)/2)2 (D3)
ζ2 =
[(h¯Ω′B)
2 − (α(B)/2)2] · [(h¯Ω′B)2 − (h¯ωc/2)2]
[(h¯Ω′B)
2 − (α(B)/2)2]2 − (h¯ωcα(B)/2)2 . (D4)
and rewrite Eq.(A13) as:
N − 1
2
+ ζ2 = ν2F +
1
2
∑
σ
{[
P1
(
µ0s
ε+
)
+ P1
(
µ0s
ε−
)]
+ 2F0
(
µ0s
ε+
,
µ0s
ε−
)
− 2ε+
ε−
[
P2
(
µ0s
ε+
)
− 1
12
]
− 2ε−
ε+
[
P2
(
µ0s
ε−
)
− 1
12
]}
. (D5)
All the oscillating functions here are small compared to N if:∣∣∣∣2ε+ε−
[
P2
(
µ0s
ε+
)
− 1
12
]∣∣∣∣≪ N (D6)
or: √
(h¯Ω′B)
2 + (
1
2
h¯ωc)2 +
1
2
h¯ωc
∣∣∣∣1 + 2α(B)σh¯ωc
∣∣∣∣
≪ 4N
[√
(h¯Ω′B)
2 + (
1
2
h¯ωc)2 − 1
2
h¯ωc
∣∣∣∣1 + 2α(B)σh¯ωc
∣∣∣∣
]
. (D7)
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At low magnetic fields, i.e. for 12 h¯ωc ≪ α(B), the corrections to Ω′ and α due to the field are negligible and the above
condition is satisfied for sufficiently high N . At strong magnetic fields, when 12 h¯ωc ≫ α(B), it takes the form:√
1 +
(
ωc
2Ω′B
)2
+
ωc
2Ω′B
≪ 4N


√
1 +
(
ωc
2Ω′B
)2
− ωc
2Ω′B

 , (D8)
which leads to: (
ωc
2Ω′B
)2
≪ N. (D9)
For example, taking the parameters for GaAs and N = 15 the above yields: B ≪ 17 T. The solution of Eq.(D5) can
be represented as the series: νF = ν0F + ν1F + . . ., where:
ν0F =
√
N − 1
2
+ ζ2. (D10)
The first order correction we find as:
ν1F = − 1
4ν0F
∑
σ
{[
P1
(
µ00s
ε+
)
+ P1
(
µ00s
ε−
)]
+ 2F0
(
µ00s
ε+
,
µ00s
ε−
)
−2ε+
ε−
[
P2
(
µ00s
ε+
)
− 1
12
]
− 2ε−
ε+
[
P2
(
µ00s
ε−
)
− 1
12
]}
, (D11)
where µ00s = ε0F − h¯Ω. Using the above expressions for νF , we obtain:
εF = ν0F
√
[(h¯Ω′B)
2 − (α(B)/2)2]2 − (h¯ωcα(B)/2)2
(h¯Ω′B)
2 − (α(B)/2)2
[
1 +
ν1F
ν0F
+O(N−3/2)
]
(D12)
E ′0(B) =
2
3
Nν0F
√
[(h¯Ω′B)
2 − (α(B)/2)2]2 − (h¯ωcα(B)/2)2
(h¯Ω′B)
2 − (α(B)/2)2 [1 +O(N
−3/2)]. (D13)
Following the similar procedure as for the zero magnetic field (see Appendix B) we shall now estimate spin-orbit
coupling constant, which is now a function of the field. Analogously to Eq.(B3) we have (neglecting here the spin-orbit
energy):
< δU >=
1
2N
h¯Ω′B ·
Ω′B
Ω
∑
nmσ
(n+m+ 1) · ns(nh¯Ω + 1
2
mh¯ωc), (D14)
and further:
α(B) =
1
3
βfBh¯Ω
′
B
√
N, (D15)
with the renormalizing function:
fB =
√
1 + z2/N
(
1− z√
1 + z2
)∣∣∣∣
z=ωc/2Ω′B
. (D16)
At low fields the function fB tends to unity, while for B → ∞ it decays to zero: fB ∼ 1/
√
N . Therefore, to a good
approximation, in the definition of fB we can replace Ω
′
B by Ω0, defined by Eq.(32).
Finally, using the above formula for α(B), and introducing the following function uB:
uB = 1 + (ωc/2Ω0)
2 1
1− z
(
1
N
− 4 z
1− z)
)∣∣∣∣
z=β2f2
B
N/36
. (D17)
the Hartree energy of the system can be written in the form of Eq.(48).
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FIG. 1. The average ground state energy per electron as a function of the number of electrons in the dot. The classical
result (stars) is taken from Ref. 21, the experimental data (stars) – from Ref. 4, and the two curves in between (circles) are
obtained within our model for two values of the spin-orbit coupling constant β (GaAs, h¯ω0 = 5.4 meV).
FIG. 2. The dot radius as a function of the magnetic field for N = 30 electrons. The three curves correspond to the
spin-orbit coupling constant β equal to 0.0, 0.3 and 0.5 (GaAs, h¯ω0 = 5.4 meV).
FIG. 3. The average ground state energy per electron as a function of the magnetic field and the number of electrons. The
three frames correspond to the spin-orbit coupling constant β equal to 0.0, 0.3 and 0.5 (GaAs, h¯ω0 = 5.4 meV). Insets show
the chemical potentials.
FIG. 4. FIR absorption spectra of a quantum dot containing 25 electrons. Stars – experiment by Demel et al.4, lines – the
model (GaAs, β = 0.3, h¯ω0 = 7.5 meV).
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